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A Hausdorff paratopological group is it H-closed if it is closed in every Hausdorff 
paratopological group containing it as a paratopological subgroup. Obtained a criterion 
when abelian topological group is H-closed and for some classes of abelian paratopolog- 
ical groups are obtained simple criteria of H-closedness. 
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All topological spaces considered in this paper are Hausdorff, if the opposite is not 
stated. We shall use the following notations. Let A be a subset of a group and n be 
an integer. Put A n — {a\02 ■ ■ ■ a n : cii £ A} and nA = {a n : a € A}. For a group 
topology t the closure of set A we define as A T and the base of the unit as B T . 

A topological space X of a class G of topological spaces is C- closed provided X is 
closed in any space Y of the class C containing X as a subspace. It is well known that 
when G is the class of Tychonoff spaces than C-closedness coincides with compactness. 
For the class of Hausdorff spaces the following conditions for a space X are equivalent 
[1, 3.12.5] 

(1) The space X is H-closed. 

(2) If V is a centered family of open subsets of X then [}{V :VeV}^0. 

(3) Every ultrafilter in the family of all open subsets of X is convergent. 

(4) Every cover U of the space X contains a finite subfamily V such that 1J{^ : 
V e V} = X. 

The group G with topology r is called a paratopological group if the multiplication 
on the group G is continuous. If the inversion on the group G is continuous then (G, t) 
is a topological group. A group (G, r) is paratopological if and only if the following 
conditions (known as Pontrjagin conditions) are satisfied for base B at unit e of G 
[4,5]. 

1. HiUU- 1 : U G B} = {e}. 

2. (VU, V e B)(3W € B) : W C U n V. 

3. (VU e B)(3V e B) : V 2 c U. 

4. (VU e B)(V« e U)(3V eB):uVcU. 

5. (VU e B)(Vff e G)(3V e B) : ff-^s c u. 

The paratopological group G is a topological group if and only if 

6. (VU e B)(3F e B) : U" 1 c U. 

A topological group is absolutely closed if it is closed in every Hausdorff topological 
group containing it as a topological subgroup. A topological group G is H-closed if 
and only if it is Rajkov- complete, that is complete with respect to the upper uniformity 
which is defined as the least upper bound C V 1Z of the left and the right uniformities 
on G. Recall that the sets {(x, y) : x~ x y £ U}, where U runs over a base at unit of 
G, constitute a base of entourages for the left uniformity C on G. In the case of the 
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right uniformity 1Z, the condition x~ 1 y G U is replaced by yx^ 1 G U. The Rajkov 
completion G of a topological group G is the completion of G with respect to the 
upper uniformity £V 1Z. For every topological group G the space G has a natural 
structure of a topological group. The group G can be defined as a unique (up to an 
isomorphism) Rajkov complete group containing G as a dense subgroup. 

A paratopological group is H-closed ii it is closed in every Hausdorff paratopological 
group containing it as a subgroup. In the present section we shall consider H-closed 
paratopological groups. 

Question Let G be a regular paratopological group which is closed in every regular 
paratopological group containing it as a subgroup. Is G H-closed? 

1. Lemma. Let (G,r) be a paratopological group. If there exists a paratopology a on 
the group G x Z such that a\G G r and e G (G, 1) then (G,r) is not H-closed. 

Proof. We shall build the paratopology p on the group G x Z such that p\G = r and 
G ^ G. Determine the base of unit B p as follows. Let S — {(x, n) : x G G,n > 0}. 
For every neighborhoods U\ G r, U 2 G a such that £7i G U 2 put (ti, t/ 2 ) = U\ U (t/ 2 H 
5). Put B p = {(Ui, U 2 ) : Ui G B T , U 2 G B a }. Verify that £ p satisfies the Pontrjagin 
conditions. 

1. It is satisfied since (Ui, U 2 ) G U 2 - 

2. It is satisfied since (Z7i n Vi, U 2 n Vi) G (t/i, t/ 2 ) n (Vi, Vi). 

3. Select Vi G £ CT and Vi G B T such that V 2 2 G f/ 2 , G Li and Vi G V 2 . Let 
2/1; J/2 S (Vi, V2). The following cases are possible 

A. 2/1,2/2 G Vi. Then j/iy 2 G ^ 2 G (t/i, t/ 2 ). 

B. j/i G Vi, 2/2 G Vi n S*. Then j/ij/ 2 G V 2 2 G U 2 - Since 2/1 G G and y 2 e S then 
2/12/2 G 5 and hence j/ij/ 2 G J7 2 H S 1 . 

C. ?/i G V 2 n S, y 2 G Vi is similar to the case B. 

D. J/i) 2/2 G Vi n S 1 . Since S 1 is a semigroup then 2/iy 2 G t/ 2 n S. 

4. Let y G (Ui,U 2 ). There exist Vi G Bo- and Vi G S T such that yV 2 G t/ 2 and 
Vi C V 2 . The following cases are possible 

A. y e t/i. We may suppose that yVi C t/i. Since y G G then y(Vi fl5) C C/ 2 nS. 

B. y G U 2 n S 1 . Since Vi C G then yVi G ?7 2 n S. Since 5 is a semigroup and y G 5 
then y(Vi nS)cC/ 2 n5. Therefore y(Vi, Vi) C (t/i, t/ 2 ). 

5. Let (g,n) G G x Z. There exist Vi G B a and Vi G S T such that Vi C Vi, 
g-^g C t/j and g- 1 ^ C t/ 2 . Then ( 5 , n)" 1 ^, Vi)( 5 , n) - g-\V u V 2 )g = 

ff-^Vi u (Vi n 5) 5 g t/i u (u 2 ns) = (u u u 2 ). 

Therefore (H, p) is a paratopological group. Since {U\, U 2 )C\G = U\ then p\G = t. 

Since e G (G, 1) then for every U 2 G B„ there exists g £ G such that (</, 1) G U 2 . 
Then 5 G (e, -1)(U 2 n S 1 ) and therefore (e, -1) G G P . □ 

A group topology n on the group G is called complcmcntable if there exist a 
nondiscrete group topology r 2 on G and neighborhoods t/, G r, such that t/i n t/ 2 = 
{e}. In this case we say that r 2 is a complement to ri. Proposition 1.4 from [1] implies 
that in this case a topology n A r 2 is Hausdorff. 

A Banach measure is a real function /i defined on the family of all subsets of a 
group G which satisfies the following conditions: 

(a) M (G) = 1. 

(b) if A, B G G and A n B = then /i(^ UB) = /i(A) + ^t(B). 

(c) l-i(gA) = n(A) for every element g £ G and for every subset A C G. 
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2. Lemma. [3, p. 37]. Let G be an abelian group and let \x be a Banach measure 
on G. Let r be a group topology on G. Suppose that the set nG is U -unbounded 
for some natural number n and for some neighborhood U of zero in (G, r) . Then 
H{{x G G : nx G gW}) — for every element g G G and for every neighborhood W of 
zero satisfying WW" 1 C U . 

Let U be a neighborhood of zero in a topological group (G,t). We say that a 
subset A C G is {/-unbounded if A <£ KU for every finite subset K C G. 
Given any elements do, <xi, • • ■ , a n of an abelian group G put 

Y(a , ai, . . . , a n ) = {a^a^ 1 • ■ • < n : < x; < i + 1, i < n, x- > 0}, 

X(a , oi, ... , a„) = {a^al 1 • • • < n : -{i + 1) < X; ^ i + 1, i < n}. 
Then X(a ,ai, . . . ,a„) = F(a ,ai, . . . , a n )Y(a , oi, • . . ,a n ) _1 . 

3. Lemma. Let (G, r) fee an abelian paratopological group of the infinite exponent. 
If there exists a neighborhood U G B T such that a group nG is UU" 1 -unbounded for 
every natural number n then the paratopological group (G,r) is not H-closed. 

Proof. Define a seminoma • | on the group G such that for all x, y G G holds 
\xy\ ^ x + \y\. Suppose that there exists a non periodic element xo G G. Determine 
a map (f>o : (xo) — > Z putting 0o(xq) = n - Since Q is a divisible group then the 
map 0o can be extended to a homomorphism <p '■ G — > Q. Put x = 0(x)| for every 
element x G G. If G is periodic then put |e| = and |x| = [In ord(x)] + 1, where 
ord(x) denotes the order of the element x. 

Fix a neighborhood V E B T such that V 2 C U and put IF = VV" 1 . We shall 
construct a sequence {a n } such that 

(a) \a n \ > n. 

(b) lVnl(a ,« 1 ,...,o n ) = {e}. 

(c) F(a ,ai, . . . ,a„) ^ e. 

(d) if — n ^ k < n, fc 7^ then aj; 2A"(a , 01, . . . , a„_i). 

Take any element ao $ W. Suppose that the elements do, . . . , a n have been chosen 
satisfying conditions (a) and (b). Put 

B n = {x G G : (V.9 G X(a ,ai,...,a„_i))(Vfc G Z\{0} : -e" +1 < k < e™ +1 ) : fcx 5 VF}. 

If the group G is periodic then |x| > n for every element x G £?„. Lemma 2 implies 
that n{B n ) = 1. If the group G is not periodic then the construction of the seminorm 
• I implies that /x({x G G : |x| < n}) = ^((f)" 1 [— n; n]) = 0. In both cases there 
exists an element a n G B n such that \a n \ > n. Then IF fl X(ao, 01, . . . , a„) = 0. 
Considering a subsequence and applying condition (a) we can satisfy conditions (c) 
and (d) also. 

Define a base B T {a n } at the unit of group topology r{a„} on the group G x Z as 
follows. Put = {(e, 0)} fl {(afe, 1) : k > n}. For every increasing sequence {n^} 

put A\n k ] = IJ • • • A+ . Put B T{an} = {A[n k }}. We claim that (G x Z,T{a„}) is 

leN 

a zero dimensional paratopological group. 

Put F = IJ X(a ,a 1 ,...,a n ). Let A{n k ] £ B T{an },(x,n x ) £ A[n k \. If x ^ F then 

(x, n x )A[n] fl A[nk] = 0- Let x G X(ao, oi, . . . , a m ). Put m& = m + k. Suppose that 
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(x,n x )A[m,k] n A[nk] ^ 0. Select the minimal k such that (x,n x )(A^ ni ) fl 

A[n fc ] ^ 0. Let 

(*) (a:,nx)(aZi,l)---(oj fc ,l) = (aj/ , 1) • • • (a^, , 1) 

and for all holds ^ U ^ ^ ^, ^ Remark that a member a g 

occurs in each part of the equality (**) no more than q times. If If. > l' k , then if we 
move all members which are not equal to (a; fe , 1) from the left side of the equality 
(*) to the right one, we obtain contradiction to condition (d). The case Ik < l' k , is 
considered similarly. Therefore l k = l' k ,, a contradiction to that k is the minimal 
number such that the equality (*) holds. It is showed similarly that if x ^ e and 
TOfc = m + k + 1 then (x, n x ) (I A[mk]- If x — e and n x ^ then condition (c) implies 
that A[n) $ (x,n x ). Hence Pontrjagin condition 1 for £> T { a „} is satisfied. Since 
A{n 2 k] 2 C A[nfc], Pontrjagin condition 3 is satisfied. All other Pontrjagin conditions 
are obvious. 

Condition (b) implies that ^4[n]yl[n] _1 n VV^ 1 = {(e, 0)}. Therefore the topology 
r{a n }g is a complement to the topology (r x {0}) g , where r x {0} is the product 
topology on the group (G,r) x Z. Therefore the topology a = T{a n }(r x {0}) is 

Hausdorff. Since (e,0) £ JcTtf^ C (G^) ff then (G,r) is not H-closed. □ 
We shall need the following lemma. 

4. Lemma. Let G be a paratopological group and H be a normal subgroup of the 
group G. If H and G/H are topological groups then G is a topological group. 

Proof. Let U be an arbitrary neighborhood of the unit. There exist neighborhoods 
V,W of the unit such that V C U, (V- 1 ) 2 n H C U and W C V, W' 1 C VH. 
If x G W^ 1 then there exist elements v G V,h G H such that x = vh. Then 
h = v~ 1 x G V~ 1 W~ 1 n H G U. Therefore x G VU G C/ 2 . Hence G is a topological 
group. □ 

5. Theorem. An abelian topological group (G, r) is H-closed if and only if (G,r) is 
Rajkov complete and for every group topology a <Z t on G the quotient group G/G is 
periodic, where G is the Rajkov completion of the group (G, a) . 

Proof. Suppose that there exists a group topology a G r on G such that the 
quotient group G/G is not periodic, where G is the Rajkov completion of the group 
(G, a). Select a non periodic element x G G such that (x) fl G = {e}. Then G x (x) 
is naturally isomorphic to a group G x Z and Lemma 1 implies that the group (G, r) 
is not H-closed. 

Let a paratopological group (H,t') contains (G,r) as non closed subgroup. Since 
G is abelian then G is an abelian semigroup. Choose an arbitrary element x G G\G. 
Then a group hull F — (G,x) with a topology t'\F is an abelian paratopological 
group. Then the group G is dense in (F, r' g ). Since the Rajkov completion F of 
the topological group (F, r'\F g ) is periodic then there exists a natural number n such 
that x n G G. Therefore F™ G G. Lemma 4 implies that F is a topological group and 
therefore G is closed in (F, t' g ), a contradiction. □ 

6. Corollary. A Rajkov completion of a isomorphic condensation of H-closed abelian 
topological group is H-closed. 
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7. Proposition. Let G be a Rajkov complete topological group, H be H-closed 
paratopological subgroup of the group G. If a group G/H has finite exponent then 
G is an H-closed paratopological group. 

Proof. Select a number n such that g n G H for every element g G G. Let F D G 
be a paratopological group. Since H is closed in F then for every element g G G 
holds g n G H. Denote continuous maps <j> : G — > G as <p(g) = g n ~ x and ip : G — > H 
as tp(g) = (g n )~ 1 - Then for every element g G G holds g^ 1 = cj){g)^{g) and therefore 
the inversion on the group G is continuous. Since G is a topological group and G is 
Rajkov complete then G = G. □ 

8. Proposition. Let G be a paratopological group and K be a compact normal 
subgroup of the group G. If a group G/K is H-closed then the group G is H-closed. 

Proof. Suppose that there exists a paratopological group F containing the group 
G such that G ^ G. Since K is compact then F/K is a Hausdorff paratopological 
group by Proposition 1.13 from [4]. Let it : F — >• F/K be the standard map. Then 
G/K D k{tFHG/K)) D tt(G) ^ 7r(G) = G/K. This implies that the group G/K is 
not H-closed, a contradiction. □ 

Let G be a topological group, N be a closed normal subgroup of the group G. 
Then if N and G/N are Rajkov complete so is the group G [5]. This suggests the 
following 

9. Question. Let G be a paratopological group, N be a closed normal subgroup of 
the group G and the groups N and G/N are H-closed. Is the group G H-closed? 

Let (G, t) be a paratopological group. Then there exists the finest group topology 
T g coarser than r (see [2]), which is called the group reflection of the topology r. 

10. Proposition. Let (G,r) be an abelian paratopological group. If (G,T g ) is H- 
closed then (G,r) is H-closed. If (G, t) is H-closed and (G, T g ) is Rajkov complete 
then (G, r g ) is H-closed. 

Proof. Suppose that the group (G, T g ) is H-closed and (G, r) is not. Let a paratopo- 
logical (H, f ) contains (G, r) as non closed subgroup. Without loss of generality we 
may suppose that there exists an element x G H\G such that H = (G, x) and the 
group H is abelian. Let f g be the group reflection of the topology f . Since f g \G C r g 
then Theorem 5 implies that the group H/G is periodic. Without loss of generality 
we may suppose that x p G G for some prime p. 

Denote the family of neighborhoods at unit in the topology r as Bf . Let U G B?. 
If U ("1 xG = then there exists a neighborhood V of unit such that V p C U and thus 
V <Z G and G is open in (H,t). Therefore a set T = {x~ 1 (xG (1 U) : U G £> T } is a 
filter. Let U € Bf. There exists V G B f such that V p G [/. Then (xGDV) p G E/. Let 
xg G (xG n V). Then x'^xG H V) C x- 1 ((x 5 ) 1 -f(xG n D G G arV - "^ n G) 
and hence J 7 is a Cauchy filter in the group (G, r s ). Let ft, G G be a limit of the filter T 
on the group (G,r g ). But then for every neighborhood of the unit U in the topology 
f g holds U n xhll D U n nG) / and therefore (H,r g ) is not Hausdorff, a 

contradiction. 

Let (G, r 9 ) is Rajkov complete and (G, r g ) is not H-closed. Then Theorem 5 implies 
that there exists a group topology a G r on G such that the quotient group G/G of 
the Rajkov completion G of the group (G, a) is not periodic. Then Lemma 1 implies 
that a group (G, r) is not H-closed. □ 
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11. Lemma. Let topological group (H,o~h) be a closed subgroup of an abelian topo- 
logical group (G, r) and an C t\H . Then there exists a group topology a C r on the 
group G such that <j\H = &h- 

Proof Let B T and B a H be bases of unit of (G, r) and (H, an) respectively. 
Put B a — {U1U2 ■ U\ G B T ,U 2 G Buh}- Verify that the family B a satisfies the 
Pontrjagin conditions. 

2. It is satisfied since (JJ X n V\)(U 2 D V 2 ) C U±U 2 n V{V 2 . 

3. Select V 2 G B aH and Vi G £ T such that Vf C 17 2 , C Ui. Then (li^>) 2 C 
U X U 2 . 

4. Let y G U\U 2 . Then there exist points y\ G E/i and y 2 G U 2 such that y = yiy 2 . 
Therefore there exist a neighborhoods V\ G £? T and V 2 G such that yNi G 
Then yViVi C U t U 2 . 

5. It is satisfied since G is abelian. 

6. (C/f 1 ^" 1 )- 1 C C/iC/ 2 . 

1. Since all others Pontrjagin conditions are satisfied then it suffice to show that 
(~}B a — {e}. Let x G G and x ^ e. If x G if then there exists J7 2 G such that 
C/| ^ x and C/i G Z3 CT such that U x n if C f7 2 . Then f7i?7 2 n {a;} = LW 2 n {x} n if C 
C7| n {x} = 0. If 2; £ if then (G\xH)H J x. 

Therefore (G, a) is a topological group. Since U\U 2 C\ H — (Ui n if)f7 2 then 

12. Proposition. ^4 closed subgroup of an H-closed abelian group is H-closed. 

Proof. Let if be a closed subgroup of an H-closed abelian group (G, r). Then G 
and if are Rajkov complete. Let gh C r|if be a group topology on the group if. 
Lemma 11 implies that there exists a group topology a on the group G such that 
a\H = o-ff. Let (G, a) be the Rajkov completion of the group (G, <r). Then a closure 
if of the group if in the group (G, tr) is a Rajkov completion of the group (if, an)- 
Let x G if". Theorem 5 implies that there exists n > such that x n G G. Since 
H" !~)G = H then ir™ G if. Therefore Theorem 5 implies that if is H-closed. □ 

13. Proposition. Let G be a H-closed abelian topological group. Then K = 
flneN n G * s compact an d f or each neighborhood U of zero in G there exists a nat- 
ural n with nG C KU. 

Proof. Let $ be a filter on G with a base {nG : n G N}, and * be an arbitrary 
ultrafiltcr on G with ^ D Let U be a closed neighborhood of the unit in G. 
Lemma 2 implies that there exists a number n such that the set nG is [/-bounded. 
Since nG G $ and \& is an ultrafilter, there exists g G G with g£/ G 'I'. Hence 
^ is a Cauchy filter on G. By the completeness of G, VP is convergent. Therefore 
each ultrafiltcr $ on G with $ D $ converges. In particular each ultrafilter on K is 
convergent, and since K is closed, K is compact. 

To show that there exists a number n with nG C ifi/ it suffices to prove that 
KU G Assume that fTfi £ $. Then there exists an ultrafilter * 3 $ with 
G\KU G "P. As we have proved, ^ is convergent. Clearly lim\I> G K. Therefore 
KU G which is a contradiction. Hence KU G <&, and this completes the proof. □ 

14. Corollary. .A divisible abelian H-closed topological group is compact. □ 
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15. Proposition. Every H-closed abelian topological group is a union of compact 
groups. 

Proof. Let G be such a group. It suffice to show that every element x € G 
is contained in a compact subgroup. Let X be the smallest closed subgroup of G 
containing the clement x. Then X = {J k=0 (kx + nX) for every natural n. Let U be 
an arbitrary neighborhood of the zero. By Lemma 15 there exists a natural number 
n such that nG is U -bounded. Then X is also U -bounded. Hence A" is a precompact 
group. Since X is Rajkov complete then X is compact. □ 

16. Conjecture. An abelian topological group G is H-closed if and only if G is 
Rajkov complete and nG is precompact for some natural n. 

17. Proposition. The Conjecture 16 is true provided the group (G,t) satisfies the 
following two conditions: 

(1) There exists a a -compact subgroup L of G such that G/L is periodic. 

(2) There exists a group topology t' C t such that the Rajkov completion G of the 
group (G,r') is Baire. 

Proof. Let G be such a group and L = UfceN be a union of compact subsets Lk- 
Put G(n, k) = {x G G : nx £ Lk} for every natural n and k. Then every set G(n, k) 
is closed. By Theorem 5 holds G — \J n keN G(n, k). Since G is Baire then there exist 
natural numbers n and k such that int G(n,k) ^ 0. Then F = G(n,k) — G(n,k) 
is a neighborhood of the zero. By Corollary 6 the group G is H-closed. Put K = 
PlneN n G- By Proposition 13 there exists a natural m such that mG C F + K. Then 
mnG C mnG C Lk — Lk + K and hence the group mnG is precompact. □ 
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